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Abstract 
An order relation ~<~b on a set A is a diamond provided x<~,,hy holds exactly if x = a or 
y = b. A set R of diamonds on A is semirigid if the identity map on A and all constant self-maps 
of A are the only self-maps of A that are (jointly) isotone for all diamonds from R. The study 
of such sets is motivated by the classification of bases in multiple-valued logics. We give a 
simple semirigidity criterion. For A finite we describe all semirigid sets of diamonds of the least 
possible cardinality and give their number. We also give nonsemirigid sets of diamonds of the 
maximum possible cardinality. We find the total number of semirigid sets of diamonds and their 
ratio among all sets of diamonds. This ratio converges fast to 1; e.g. for a 26-element set A the 
probability that a randomly chosen set of diamonds is semirigid is 0.999 9992... 
I. Preliminaries and a criterion 
Let A be a set and p a binary relation on A. A self-map f of A is an endomorphism of
p if ( f (a ) , f (b ) )  E p whenever (a,b) E p. Notice that the identity self-map ida on A is 
always an endomorphism of p; and if (a, a) E p then the constant self-map ca (with 
value a) is also an endomorphism of p. Denote End p the set of  all endomorphisms of p. 
For a set R of binary relations on A set End R := NpcR End p. The set R is semirigid i f  
EndR := {ida} t J {ca :a  E A}. 
Observe that a semirigid set consists of reflexive relations. 
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The study of semirigid set arose from the classification of bases. In this complicated 
problem - -  fully solved only for ]A I = 2, 3 - -  one of the tasks is to find all minimal 
nontrivial intersections of systems of maximal clones. Most of the clones are determined 
by reflexive relations (binary or of higher arities) and so we need to determine subsets R 
of these relations such that every function preserving all relations in R is either constant 
or is a projection. It is known [4,10] that this happens exactly if R is semirigid; in 
other words the property is already decided by the unary functions. 
The study of semirigid sets of bounded finite orders started in [1]. The paper also 
gives an example of a semirigid set of two orders of height 1 on every finite set A 
with 5 < ]A I ¢ 7. The paper [7] gives a semirigidity criterion for 2 chains on a finite 
set A and shows that for a fixed chain p, the proportion of chains a on A such that 
{p, a} is semirigid among all the chains on A goes to e -2 as ]A] --~ c~. The paper 
[13] studies special semirigid pairs of orders of dimension 2. Semirigid sets of central 
relations are studied in [6,8] and semirigid sets of relations determining quasilinear 
clones are investigated in [9]. 
In this paper we study the semirigid sets of diamonds. A diamond is an order ~< ab 
on A with the least element a and the greatest element b such that c ~¢ab d for all 
c,d E A \{a ,b} .  Thus, u<~abv exactly if u = a or v = b (Fig. 1). A diamond is 
obviously a lattice; for A finite with [A[ = k, it is usually denoted Mk-2. Among the 
bounded posets on A, clearly diamonds have the least possible number of comparable 
elements and in this respect are very opposite to chains. For this reason we investigate 
the semirigid sets of diamonds. (The problem and few results for [A[ = 4 are mentioned 
in [1].) 
Let R be a set of diamonds on A. To R associate the (undirected) graph G = (A,E) 
with vertex set A and edge set 
E = {[a,b]:  ~<~b E R}. 
It is immediate that End (~< ab) = End (~< ba) and so the graph G carries all the essential 
information on R. To formulate a semirigidity criterion for a set of diamonds we need 
the following concepts. As usual, a E A is an isolated vertex of G if [a, b] E E for 
no b E A. A tree T is a connected cycle-free graph and its diameter is the maximum 
length of a path in T. It is easy to see that (A, S) is a tree of diameter ~< 3 if and only if 
S -- {[c,x] :x  E X} U {[b,y] : y E Y} (1) 
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for a partition X U Y of A and some c E Y and b E X (see Fig. 2(a) for diameter 3 
and Fig. 2(b) for diameter ~<2). 
We have the following characterization f semirigid sets of diamonds. 
Theorem 1. Let R be a set of  diamonds on a set A and G = (A,E) the corresponding 
graph. The set R is semirigid i f  and only i f  
(i) G has no isolated vertex, and 
(ii) G is not a subgraph of  a tree of  diameter at most 3. 
Proof. (~)  Let G satisfy the conditions (i) and (ii). Suppose to the contrary that R is 
not semirigid, then there exists a nontrivial self-map f of A preserving every diamond 
from R. Since f ¢ ida we have b := f (a )  ~ a for some a E A. By (i) the vertex a is 
not isolated and so [a, c] E E for some c E A \ {a}. This means that f preserves the 
diamond order <~ac and so 
b = f (a)<~aef(x)<~acf(c)  =: d 
for every x E A. Since f is nonconstant we have b ~d.  Next b :~ a and therefore 
imf  = {b,d}. Moreover, a ¢ b <ac d shows d = c, proving im f : {b,c} and 
f ( c )  = c. Set 
X := f - l (b )U  {b}, Y := f - l ( c )  \ {b} (2) 
and define S by (1). Clearly, (A,S) is a tree of diameter ~<3 and therefore E ~S by 
virtue of (ii). Fix [u,v] E E \ S. We show that {u,v} meets {b,c}. From [u,v] E E 
we see that f E End(~<uv), hence f (u )<~, f (v )  and {b,c} = imf  = {f (u ) , f (v )} .  It 
follows that b and c are comparable in ~<~, proving that {b,c} A {u,v} ¢ ~. 
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By an obvious symmetry we may assume u --- b. As [b, v] = [u, v] ~ S clearly v E X. 
From b ¢ v,c<<,bvv and (2) we obtain c = f(c)<<,b~,f(v) = b and c = b (because b is 
the least element of ~<b,,). This contradiction proves (¢=). 
(3 )  Let R be semirigid. We argue by contradiction. Suppose that (i) does not hold. 
Then G has an isolated vertex v. Choose w E A \ {v} and define a self-map f of  A 
by setting f (v )  := w and f (x )  = x otherwise. To show that f preserves ~<ab suppose 
Y <ab z and f (y )  ~bf (z ) .  From the definition of  f we see that v E {y,z}. Notice 
that v f[ {a,b} because v is isolated while [a,b] E E. If  v = y then z = b and 
f (y )  = f (v )  = w <ab b = f (b )  = f ( z )  contrary to our assumption. The case v = z is 
similar (with y = a). Thus the nontrivial map f preserves R and R is not semirigid. 
Now suppose that (ii) does not hold. Then G is a subgraph of some tree (A,S) of 
diameter ~<3 where S satisfies (1). Define a self-map f of  A by setting f (x )  := b 
for all x E X and f (y )  := c otherwise. We show that f preserves ~<uv for every 
[u,v] E S. (1) Let u = b. Then v E Y. Suppose that z <bL, t but f ( z )  ~bvf ( t ) .  In 
view of b<~b~c it must be f ( z )  = c and f ( t )  = b and hence z E Y and t E X. Now 
z ¢ b E X and t ¢ v E Y and so z "~b~ t in contradiction to our assumption. (2) 
The case u = c is similar. We have shown that the nontrivial function f preserves all 
diamonds from S and so R is not semirigid (notice E C S). [] 
2. Combinatorial properties 
From the theorem we can easily derive the following combinatorial properties of 
semirigid sets of diamonds on a finite set. In the sequel, A is a finite sets with k 
elements where k ~> 3. Without loss of generality, we may assume that A = k = 
{0, 1 . . . . .  k - 1 }. In the following characterization of  graphs on k corresponding to 
semirigid sets of diamonds, Kn is the complete graph on n vertices, C4 is a 4-cycle 
and P2 is a path of length 2. 
Corollary 2. Let G be a graph on k corresponding to a semirigid set o f  diamonds 
with the least possible number of  edges. 
(1) I f  k>>.6 then (i) G is the disjoint union of  l k edges i l k  is even and (ii) G is 
the disjoint union of  l (k -  1) edges and P2 if  k is odd (Fig. 3). 
(2) G ~- /£3 i f k  = 3, G ~- C4 or G is 1£3 plus an edge i f  k = 4 and G is the 
disjoint union of  1£2 and K3 if  k = 5 (Fig. 4). 
Proof. By the theorem, G has no isolated vertex and so ]El >~ ½k. The graphs listed 
in (1) obviously have no isolated vertex and the least possible number of  edges. For 
k~>6 a direct check shows that the graph is a subgraph of no tree of diameter -%<3. 
By the theorem the corresponding R is semirigid. 
To prove (2), let k = 3. If IE[ ~<2, then clearly G is a subgraph of a tree of diameter 
2. Thus G -~ K3. By the theorem K3 corresponds to a semirigid set of diamonds (notice 
that diamonds coincide with chains). 
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Fig. 4. 
Let k = 4. I f  IE[ = 3 then G is either a star or a path, a contradiction. Thus [E I >/4. 
By the theorem both Ca and the other graph correspond to a semirigid set of diamonds. 
Let k=5.  We have IEI~>3. I f  IE I=3 then G is isomorphic to the graph (5,{[0, 1], 
[2, 3], [2, 4] }) which is a subgraph of the tree (5, {[0, 1], [1,2], [2, 3], [2, 4]}) of diameter 
3. Thus IEI >/4. The graph K2+K3 is (up to isomorphism) the only graph on 5 vertices 
with 4 edges satisfying the condition of the theorem. [] 
Remark. Let k~>6. The number of graphs from Corollary 2 (1) is k!/~!2 f = 1 • 3. . .  
(k - 1) i f k  = 2l and k! / ( f -  1)!2 / -- ~. 1 • 3 . . . k  i f k  -- 2~+ 1. Indeed, for k = 2f  
the number 
(k2) (k22) ' " (42) / f '=k ' /~ '2e  
(choose the first edge, second edge etc. and notice that they are indistinguishable). For 
k = 2f  + 1 the proof is similar. 
For k = 3 the graph is unique, for k = 4 there are 15 graphs and for k = 5 there 
are 10 graphs of the indicated type. 
The next corollary shows that nonsemirigid set of diamonds can be quite large. 
Corollary 3. Let R be a nonsemirigid set of diamonds on k and G = (k ,E)  the 
corresponding raph. Then IEI ~< (k~l) for k >~4 and IEI = 2 for k = 3. The bound is 
sharp. 
Proof. (a) Let k>~4. By the theorem we have two cases. (1) Let G have an isolated 
vertex, say the vertex k -  1. Then every edge joins two vertices from {0 . . . . .  k -  2} 
and so IEI ~< (kT'). Observe that this bound is achieved. (2) Let G be a subgraph of a 
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tree. It is well known that a tree on k has exactly k -  1 elements. Here k -  1~< (k~l) 
for k~>4. (b) Let k = 3. We have seen earlier that IE[ ~<2 and that for IEI = 3 the set 
R is indeed semirigid. [] 
We proceed to calculate the number of graphs on k corresponding to semirigid sets 
of diamonds. We need the following simple lemma. 
Lemma 4. The number of 9raphs on k with at least one &olated vertex is 
k )n_, (k  ~ ~ ,,. 
~-~ ( -  1 2(2 ) 
n=l \n /  
Proof. A simple count based on the inclusion-exclusion principle. [] 
Lemma 5. The number of trees of diameter 3 on k is (2k)(2 k-2 -2 ) .  
Proof. Let T be a tree on k of diameter 3. Then T = (k,S) where S is of the form 
(1) with [X I > 1 and IY] > 1. Without loss of generality, we may assume b < c (in 
the natural order on k). Clearly, T is uniquely determined by the pair {b, c}, Z where 
0~<b < c < k and Z =X\{b} is a subset ofk \{b ,c}  satisfying 0 < ]Z[ < k -2 .  [] 
Lemma 6. The number of subgraphs of trees on k of diameter <~3 and with no 
isolated vertex is 
vk = k + k(k - 1)(2 k-2 - 2). 
Proof. A tree of diameter 2 is a star. Clearly there are k stars on k and every proper 
subgraph of a star has an isolated vertex. 
Let T be a tree on k of diameter 3. Then T = (k,S) where S satisfies (1). The 
only proper subgraph of T without isolated vertices is (k, S \ {[b, c]}). The result now 
follows from Lemma 5. [] 
Corollary 7. There are exactly 
k 
,, , 
n=] 
graphs on k correspondin 9 to semirigid sets of diamonds on k. The proportion ~k of 
such 9raphs amon9 all 9raphs on k is O(1 - k2 l - t )  and so 
lim rck = 1. 
k ' - *~ 
Proof. (3) follows from the theorem and Lemmas 4 and 6. From rck = pk2-(~) we 
obtain 
~k = O(1 - k2(kT')-(~)) = O(1 -- k2~-~). (4) 
The last statement is an obvious consequence of (4). [] 
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Table 1 
k 3 4 5 6 7 8 9 10 
rt k 0.125 0.203125 0.627926 0.8246765 0.8993229 0.9407066 0.965904 0.980805 
:q 0.25 0.5 0.6875 0.8125 0.890625 0.9375 0.964844 0.980469 
Table 1 lists the values re3 . . . . .  nlO and ~3 . . . . .  210 where ~k is the approximation 
1 - k2 l-k of  nk. 
Thus, on a 10 element set, 98% of graphs correspond to semirigid sets of diamonds. 
From the value n26 = 0.999 9992 we may infer that 0.999 999 is the probability that a 
randomly chosen graph on 26 vertices correspond to a semirigid sets of diamonds. 
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